Non-local massive gravity can provide an interesting explanation for the late-time cosmic acceleration, with a dark energy equation of state wDE smaller than −1 in the past. We derive the equations of linear cosmological perturbations to confront such models with the observations of large-scale structures. The effective gravitational coupling to non-relativistic matter associated with galaxy clusterings is close to the Newton's gravitational constant G for a mass scale m slightly smaller than the today's Hubble parameter H0. Taking into account the background expansion history as well as the evolution of matter perturbations δm, we test for these models with the Type Ia Supernovae (SnIa) from the Union 2.1, the Cosmic Microwave Background (CMB) measurements from Planck, a collection of baryon acoustic oscillations (BAO), and the growth rate data of δm. Using a higher value of H0 derived from its direct measurement (H0 70 km s −1 Mpc −1 ) the data strongly support the non-local massive gravity model (−1.1 wDE −1.04 in the past) over the ΛCDM model (wDE = −1), whereas for a lower prior (67 km s −1 Mpc −1 H0 70 km s −1 Mpc −1 ) the two models are statistically comparable.
reduces to a massless one without the vDVZ discontinuity in the m → 0 limit. The covariant equations of motion are given by
where G µν is the Einstein tensor, T µν is the energy-momentum tensor, G is the gravitational constant, and the subscript T represents the extraction of the transverse part. The background cosmological dynamics based on Eq. (1.1) was studied in Ref. [37] . There is a rapidly growing scalar mode responsible for the late-time cosmic acceleration, in which case the dark energy equation of state evolves from w DE = −1.725 (matter era) to w DE = −1.506 (accelerated era). Since the Planck data combined with the SnIa (SNLS) and WMAP polarization data placed the bound w DE = −1.13
+0.13
−0.14 (95 % CL) for constant w DE [2] , the NLMG model (1.1) is in tension with the current observations of CMB and SnIa. In order to avoid the rapid growth of the scalar mode, we also require that the mass m is much smaller than H 0 .
Alternatively, Maggiore [38] proposed a model given by the field equation
where g µν is the metric tensor and R is the Ricci scalar. In this case the strong instability of a scalar mode present in the theory (1.1) is avoided, so that the dark energy equation of state does not significantly deviate from −1 (w DE ≈ −1.1 in the deep matter era). The model has a predictive power due to the presence of a single parameter m alone. For the today's dark energy density parameter Ω
DE ≃ 0.68, the mass m is fixed to be m ≃ 0.67H 0 [38, 39] . In this case it was also shown that the General Relativistic behavior can be recovered inside the solar system [40] .
If we use a quadratic Lagrangian of gravitational waves associated with the perturbation equation of the theory (1.2), the resulting propagator apparently involves a ghost-like massive scalar [38] . Foffa et al. [41] showed that this apparent ghost is not a propagating degree of freedom and in the m → 0 limit it smoothly approaches a non-radiative degree of freedom of GR. This implies that we may regard Eq. (1.2) as an effective classical equation of motion rather than promoting it directly to a full quantum field theory (which typically involves some classical or quantum averaging). The issue of quantization-including ghosts-would be addressed in an underlying fundamental theory with a possible ultraviolet completion.
In this paper we study the cosmology (at the classical level) and observational constraints on the NLMG models. In Sec. II the background equations of motion are derived for general models including (1.1) and (1.2). We then discuss the evolution of w DE as well as the mass scale m constrained from the background cosmology. In Sec. III we obtain the full equations of linear cosmological perturbations for the NLMG model (1.2). We also discuss the behavior of perturbations for the sub-horizon modes relevant to large-scale structures. In Sec. IV we confront the NLMG model (1.2) with the latest observations of SnIa, CMB, BAO, and redshift-space distortions. Sec. V is devoted to conclusions.
II. BACKGROUND EQUATIONS OF MOTION
We start with the following equations of motion of the NLMG models
where a 1 and a 2 are constants, R µν is the Ricci tensor, is the d'Alembertian operator and −1 is its inverse computed by using the retarded Green's function due to causality [39] . The model (1.1) corresponds to a 1 = 1 and a 2 = −1/2, whereas the model (1.2) is characterized by a 1 = 0 and a 2 = 1/3. We introduce a tensor S µν obeying the relation
(2.2)
In order to respect the continuity equation ∇ µ T µν = 0 of matter in Eq. (2.1), we pick up the transverse part S T µν of the symmetric tensor S µν satisfying ∇ µ S T µν = 0, that is
3)
The tensor S µν can be decomposed as [42] 
Let us consider the flat Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime described by the metric ds 2 = −dt 2 + a 2 (t)δ ij dx i dx j , where t is the cosmic time. On this background the vector S µ has a time component S 0 alone, so that
where u ≡ S 0 0 and v ≡ S i i , H ≡ȧ/a, and a dot represents a derivative with respect to t. For the energy-momentum tensor T µν , we take into account a perfect fluid obeying the continuity equatioṅ
where ρ is the energy density and P is the pressure of the fluid. From Eq. (2.1) we obtain the following equations of motion
From the (00) and (ii) components of Eq. (2.2) it follows thaẗ
The divergence of Eq. (2.4) gives 2∇
The ν = 0 component of this equation reads
In order to simplify the analysis, we define 12) by which u = (U + 3V )/4 and v = (3/4)(U − V ). The field U corresponds to the trace part of the tensor S µ ν , whereas the field V characterizes the difference between the time and spatial diagonal components of S µ ν . On the r.h.s. of Eqs. (2.7) and (2.8) we take into account the contribution of non-relativistic matter (density ρ m , pressure P m = 0) and radiation (density ρ r , pressure P r = ρ r /3). We can write Eqs. (2.7) and (2.8) in the following forms
where
and
A prime represents a derivative with respect to N = ln(a/a i ), where a i is the initial scale factor. The dark energy equation of state is then given by 17) whereas the effective equation of state is w eff = −1 − 2ζ/3. From Eqs. (2.9)-(2.11) it follows that From Eq. (2.14) the functions ζ and ζ ′ obey
where we used the fact that the radiation density parameter Ω r = 8πGρ r /(3H 2 ) satisfies
From Eq. (2.13) the matter density parameter Ω m = 8πGρ m /(3H 2 ) is known to be
The density parameter of radiation today (corresponding to a = 1) is given by
where Ω
γ is the photon density parameter and N eff is the relativistic degrees of freedom. We adopt the standard values Ω [43] . So, given that Ω (0) r is fixed from the CMB, the only free parameter is Ω
m . From Eq. (2.24) the mass ratio m/H 0 is calculated as
We integrate the dynamical equations of motion (2.18)-(2.23) with the initial conditions 27) where t i corresponds to the time at the deep radiation era. The initial conditions can be fixed as above once the definition of the retarded inverse d'Alembertian −1 is given. For example, the field U is proportional to (
) and hence U (t i ) =U (t i ) = 0 [39] . For given m, we numerically solve the background equations of motion (2.18)-(2.23) and evaluate (2.26) to check the consistency of the solutions.
From Eq. (2.19) it is clear that the field V is unstable for a 1 = 0 due to the presence of the −8V term. In fact, for the theory with a 1 = 1 and a 2 = −1/2 [27] , this instability leads to the rapid growth of V and X, by which the dark energy equation of state evolves as w DE ≃ −1.791 (radiation era), w DE ≃ −1.725 (matter era), and w DE ≃ −1.506 (accelerated era) [37] . Unless a 1 is very close to 0, the same property also holds for the theories with a 1 = 0.
In Fig. 1 we plot the evolution of w DE and w eff for a 1 = 0.01 and a 2 = 1/3 with the today's matter density parameter Ω (0) m = 0.323. As in the theory with a 1 = 1 and a 2 = −1/2, the dark energy equation of state during the matter-dominated epoch is around w DE ≃ −1.725 and it finally approaches the value −1.506. In this case the mass m is much smaller than H 0 , which is required to avoid the early dominance of dark energy [37] . The evolution of w DE shown in Fig. 1 is incompatible with the joint data analysis of CMB, SnIa, and BAO, due to the large deviation from −1. This conclusion holds not only from the WMAP data combined with the SnIa and BAO measurements [13, 44] but also from the Planck data combined with the SnIa and WMAP polarization measurements [2] .
When a 1 = 0 the r.h.s. of Eq. (2.19) vanishes, so that the field V does not contribute to the cosmological dynamics for the initial conditions given in (2.27). In the deep radiation era (ζ ≃ −2 and ζ ′ ≃ 0) the field U is almost frozen, but it starts to evolve once ζ deviates from −2. During the matter-dominated epoch (ζ ≃ −3/2 and ζ ′ ≃ 0), integrations of Eqs. (2.18) and (2.20) read
where c 1 and c 2 are integration constants, and we neglected the decaying-mode solutions. If the field value |U | at the radiation-matter equality (identified as N = 0) is much smaller than 1, it follows that |c 1 | ≪ 1. On using the solution (2.29), the dark energy density (2.15) in the matter era is given by 30) where the term c 1 /(8a 2 ) is much smaller than 1 for |a 2 | = O(1). In the regime N 1, ρ DE is positive for
This condition is assumed in the following discussion. Neglecting the second term on the r.h.s. of Eq. (2.29), the dark energy equation of state (2.17) in the deep matter era reads
In the regime N 1 we have U ≃ −8a 2 N and r ≃ 1/(24N ) for In the left panel of Fig. 2 the evolution of w DE and w eff is plotted for a 1 = 0, a 2 = 1/3, and Ω (0) m = 0.323. The value a 2 = 1/3 was chosen to match with the one in Ref. [38] , but its precise value does not matter provided a 2 = O(1). As estimated above, the dark energy equation of state exhibits mild growth around −1.1 < w DE < −1.04 by today (−4 < ln a < 0). This mild variation of w DE is followed by more rapid growth toward w DE ≈ −0.5 in the future. In this case the mass is found to be m/H 0 ≃ 0.67, which shows good agreement with the one derived in Ref. [38] . In the right panel of Fig. 2 we also plot the mass ratio m/H 0 versus Ω 
III. COSMOLOGICAL PERTURBATIONS
In this section we shall derive the equations of motion for linear cosmological perturbations for the NLMG model (2.1) with a 1 = 0. From Eq. (2.2) we have S µ ν = a 2 δ µ ν R and hence Û = 4a 2 R , (3.1) 
Taking the covariant derivative of Eq. (2.4), we obtain
We decompose the fieldÛ into the background component U (t) and the perturbation δU (t, x), aŝ
The time component of the vector S µ can be also decomposed as S 0 =S 0 (t) + δS 0 (t, x), where we omit the bar in the following for simplicity. The spatial component of S µ can be written as 
In order to derive the full perturbation equations of motion, we need to expand Eqs. (3.1), (3.3), and (3.4) up to first order in perturbations. In doing so, we consider scalar metric perturbations Φ and Ψ described by the following metric in longitudinal gauge [45] :
for which the perturbations of the Ricci scalar R and the Einstein tensor G µν etc can be computed. Since our interest is the evolution of perturbations during the matter era, we take into account a non-relativistic perfect fluid characterized by the energy-momentum tensor:
where δρ m is the density perturbation and υ m is the velocity potential.
A. Perturbation equations
The perturbation δT µν of the matter energy-momentum tensor T µν obeys the continuity equation
From the ν = 0 and ν = i components of Eq. (3.9), we obtain the following equations in Fourier space respectivelẏ
where k is a comoving wave number. We introduce the gauge-invariant density contrast
Taking the time derivative of Eq. (3.10) and using Eq. (3.11), the density contrast satisfies 
14)
From Eq. (3.1) it follows thaẗ
18) The ν = 0 and ν = i components of Eq. (3.4) reaḋ
The evolution of the density contrast δ m is known by solving Eqs. (3.10)-(3.11) and (3.14)-(3.20) for given k. In the m → 0 limit, all the mass-dependent terms involving the perturbations δU , δS 0 , and δS in Eqs. (3.14)-(3.17) vanish to recover the General Relativistic behavior. When m = 0 the evolution of the gravitational potentials Φ and Ψ is subject to change, which affects the growth of δ m through Eq. (3.13). Eliminating the termsΨ + HΦ from Eqs. (3.14) and (3.15), we obtain
where In the redshift range where the red-shift distortions of galaxies have been measured (z ≡ 1/a − 1 2), the modes (3.23) are deep inside the Hubble radius (k/a ≫ H). Under a sub-horizon approximation we can ignore some of the terms in the perturbation equations (3.14)-(3.20) (see e.g., Refs. [47] [48] [49] ). We also note that the gravitational potentials Φ and Ψ are nearly constant during the deep matter era and they start to vary after the onset of the cosmic acceleration, so that |Φ| |HΦ| and |Ψ| |HΨ| by today.
Under the sub-horizon approximation the dominant contributions to Eq. (3.18) should be the terms including k 2 /a 2 , and hence
where in the second equality we used Eq. (3.16). For the validity of this approximation we also require that (k 2 /a 2 )|δU | ≫ |ΦHU |, which can be interpreted as k 2 /(aH) 2 ≫ |U | for a 2 = 1/3 and |U | |HU |. Since the today's value of |U | is of the order of 10, the condition k 2 /(aH) 2 ≫ |U | is satisfied for the wave numbers (3.23). We also note that Eq. (3.18) does not contain a large mass term exceeding k/a, so the oscillating mode induced by the second derivativeδ U can be neglected relative to the mode (3.24).
We
From Eq. (3.16) it follows that
Since ǫ k ≪ 1, the difference between Ψ and Φ is small. On using Eq. (3.25), the perturbation δF in Eq. where the difference between the effective gravitational coupling G eff and the gravitational constant G is
For the modes (3.23) the parameter ǫ k is in the range 5 × 10 −6 ǫ k 5 × 10 −4 , so G eff is very close to G. The r.h.s. of Eq. (3.13) can be negligible relative to its l.h.s., and hencë
Numerically we have solved the full perturbation equations (3.10)-(3.11) and (3.14)-(3.20) for the initial conditions δU (t i ) =δ U (t i ) = δS 0 (t i ) =δ S 0 (t i ) = δS(t i ) =δ S(t i ) = 0 from the deep matter era. In spite of the presence of the second derivativeδ U in Eq. (3.18), the term (k 2 /a 2 )δU soon starts to balance with the term 8a 2 (k 2 /a 2 )(2Ψ − Φ) on the r.h.s. of Eq. (3.18). After that, the solutions can be well described by the analytic estimation given above. Numerically we also confirmed the accuracy of Eq. (3.29) and found that in practice G eff /G ≃ 1 to better than 0.05 % precision for the wave numbers in the range (3.23) . This suggests that, apart from the difference of the background evolution, it is difficult to distinguish the NLMG model from the ΛCDM model for the perturbations relevant to large-scale structures. For the likelihood analysis presented in Sec. IV, we shall solve Eq. (3.30) by setting G eff = G together with the background equations of motion.
The observations of red-shift space distortions can place bounds on the quantity f σ 8 , where f ≡δ m /(Hδ m ) characterizes the growth rate of matter perturbations and σ 8 is the rms amplitude of δ m at the comoving 8 h −1 Mpc scale [46] . In Fig. 3 solid black curve in Fig. 3 corresponds to the wave number k = 30H 0 , but we confirmed that the evolution of f σ 8 for k > 30H 0 is similar to that for k = 30H 0 .
Since G eff is very close to G for the modes (3.23), the growth rate of matter perturbations in the NLMG model is similar to that in the ΛCDM model. The main reason of the small difference seen in Fig. 3 is that the background evolution of w DE is different. This is similar to what happens for the constant w DE models in the framework of GR [50] . For a practical purpose, the evolution of f σ 8 in the NLMG model can be known in good accuracy by solving Eq. (3.30) with G eff = G.
IV. OBSERVATIONAL CONSTRAINTS
In this section we will confront the NLMG model (2.1) characterized by a 1 = 0 and a 2 = 1/3 with the latest cosmological data and study whether they can be distinguished from the ΛCDM model.
A. The data
In order to constrain the NLMG model, we use the same numerical code 2 and the same data of SnIa, BAO and growth-rate as those in Refs. [51, 52] , so we refer the readers to the aforementioned references for detail. We also employ the correlation matrix of the Planck CMB shift parameters (l a , R, z * ) presented in Ref. [53] . These three parameters are related to the background quantities such as Ω b , and h. They can efficiently summarize the CMB information on dark energy in a model-independent way [54] .
Compared to Refs. [51, 52] , there is a difference in the analysis of the growth-rate data. Instead of using the well known γ(z) parameterization and modeling the growth-rate as f (z) = Ω m (z) γ(z) , we directly fit the numerical solution of the perturbation equations. Regarding the data of the growth rate given in Table I of Ref. [51] , they are based on the WiggleZ, SDSS, 2dF, PSCz, VVDS, 6dF, 2MASS and BOSS galaxy surveys. The data themselves are given in terms of f (z)σ 8 (z). It should be stressed that the main benefit of using f (z)σ 8 (z), instead of just f (z), is that the former is directly related to the power spectrum of peculiar velocities of galaxies.
Model Ω 
B. Fitting method and model comparisons
As mentioned in the previous section, the mass m is known from Eq. (2.26) and it is not a free parameter of the theory. We determine m such that the system of the background equations of motion is consistent, i.e., the value initially used for the solution has to be the same as the one derived from Eq. .18)-(2.23). These values are also saved and used later on to simplify and speed up the fitting procedure. Therefore, the final set of parameters employed in the minimization is (Ω
is the today's baryon density parameter. This situation is analogous to the ΛCDM model.
We compute the total chi square
where each term on the r.h.s. is derived by fitting with the SnIa, BAO, CMB, and growth-rate data, respectively, along the line of Refs. [51, 52] . The best-fit corresponds to model parameters for which χ 2 takes a minimum value χ 2 bf . We will also consider the same parameters (Ω m and forces w DE to more negative values and vice versa. Therefore, the value h that we choose is important in the rest of the analysis especially since, as mentioned before, the NLMG model has a corresponding equation of state w DE between −1.1 and −1.04. In order to accommodate the cases with different values of H 0 , we will test some priors on h: (i) the Planck best-fit: h = 0.673 [2] , and (ii) the best-fit h = 0.738 derived by the direct measurement of H 0 [55] , and (iii) other four values of h ranging 0.673 < h < 0.738.
We will also consider the Akaike information criterion (AIC) [56] as in Refs. [51, 52] . The AIC is defined, for the case of Gaussian errors, as:
where ℓ is the number of free parameters. A smaller value of the AIC indicates a better fit to the data. In order to effectively compare two different models, we need to estimate the differences ∆AIC 1,2 = AIC 1 − AIC 2 for the two models 1 and 2. Since ℓ = 3 in both the NLMG and the ΛCDM models, the difference of AIC between the two models is actually equivalent to that of χ 
C. Results
In Table I the NLMG is larger than that in the ΛCDM with the large difference 2.842, which is the main reason why the total χ the ΛCDM models. As a function of h, χ 2 bf has a minimum around h 1 = 0.703 in the NLMG and h 2 = 0.697 in the ΛCDM. We adopt the following quadratic functions expanded around h 1 and h 2 respectively:
where we used the fact that at the minimum the first derivative is zero. Taking the difference, we obtain When we consider the general case with a small but non-vanishing a 1 , the instability of the field V leads to the dark energy equation of state much smaller than −1. We have carried out the joint data analysis based on the SnIa, CMB, and BAO data for the NLMG model with a 1 = 0.01 and a 2 = 1/3 and for the ΛCDM model. For h = 0.738 we find that the best-fits correspond to χ 2 bf = 727.802 in the NLMG and χ 2 bf = 591.528 in the ΛCDM, respectively. The difference of AIC from the model a 1 = 0 and a 2 = 1/3 is |∆AIC| ∼ 140, so the models with a 1 = 0 are significantly disfavored from the data.
V. CONCLUSIONS
In this paper we studied cosmological perturbations and observational constraints on the NLMG model. Our analysis of the background cosmology covers the two models given by Eqs. (1.1) and (1.2). We dealt with (2.1) as an effective classical equation of motion for discussing the cosmology relevant to dark energy. The issues of ghosts and ultraviolet completion should be addressed in a more fundamental theory with a Lagrangian implementing quantum and classical averaging.
We derived the background equations of motion from (2.1) on the flat FLRW background. For the models with a 1 = 0 there is an instability for the field V induced by the −8V term on the l.h.s. of Eq. (2.19) . In this case the mass m is required to be much smaller than H 0 to avoid the early onset of the cosmic acceleration. Since the dark energy equation of state significantly deviates from −1, the models with a 1 = 0 are strongly disfavored from the joint analysis of the SnIa, CMB, and BAO data.
For the models with a 1 = 0 the r.h.s. of Eq. (2.19) vanishes, so that the field V does not grow for the appropriate initial conditions (2.27) . In order for the dark energy density ρ DE to be positive, we found that the parameter a 2 has to satisfy the condition a 2 > 0. The dark energy equation of state w DE in the deep matter era can be estimated as Eq. (2.32), which shows good agreement with the numerically integrated solution (−1.1 < w DE < −1.04 for −4 < ln a < 0).
Expanding the field equations of motion and the metric to first order in perturbations about the flat FLRW background, we derived the full equations of cosmological perturbations for the NLMG model (1.2). The behavior of perturbations is also estimated for the modes relevant to galaxy clusterings. We found that the effective gravitational coupling G eff is very close to the gravitational constant G for sub-horizon perturbations characterized by the wave numbers (3.23) . Therefore, the evolution of f σ 8 is similar to that in the ΛCDM model (see Fig. 3 ). In this sense, the current growth-rate measurement alone is not able to distinguish between the NLMG and the ΛCDM models.
We compared the NLMG model (1.2) against the latest cosmological observations, including SnIa, BAO, CMB, and red-shift space distortions. Since the mass m is not a free parameter, we developed an iterative algorithm to compute m for each value of Ω The observational constraints on the NLMG model mainly come from the background expansion history rather than the growth history. The dark energy equation of state varies slowly from the deep matter era to today around −1.1 w DE −1.04. Since w DE is approximately constant in the past, the situation is quite similar to the case of the constant w DE models studied in Ref. [53] . The likelihood results depend on the value of the H 0 prior due to the degeneracies of the CMB parameters.
We computed the chi squares in both the NLMG and the ΛCDM models for several different values of H 0 ranging from the Planck best-fit h = 0.673 [2] to the Riess et al. best-fit h = 0.738 [55] . The results of our analysis are presented in Table I and Figs. 4-6. For 0.67 h 0.70 the AIC shows that the NLMG and the ΛCDM models are statistically comparable, but for h 0.70 the NLMG model is strongly favored over the ΛCDM model. We hope that future observations will pin down the values of h to exquisite accuracy, clarifying whether the NLMG model is really preferred to the models with w DE ≥ −1.
